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PROBLEM SET 9

Rules: Submit your solution to at least one of the following problems by Tuesday, November 29 in

class, or in my mailbox at Sloan. It is perfectly acceptable to submit partial solutions explaining what

progress you have made, or anything else that shows that you gave some thought to the problems.

There are two types of problems. Students with little experience on problem solving are recommended to

first try type A problems. Most of type B problems appeared in the Putnam competition in past years.

A 1. Suppose that a circle intersects with the parabola y = x2 at four points whose x-coordinates are

x1, x2, x3, and x4. Find x1 + x2 + x3 + x4.

A2. Let A1, A2, · · · , An be the vertices of a regular polygon inscribed in the unit circle. Compute the value

of A1An ·A2An · · ·An−1An.

A3. Let C be the unit circle with center O, and Q a point incide C different from O. Find the area enclosed

by the locus of the centroid of triangle OPQ as P moves about the circumference of C.
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B1. (2008 B1) What is the maximum number of rational points that can lie on a circle in R2 whose center

is not a rational point? (A rational point is a point both of whose coordinates are rational numbers.)

B 2. (2002 A2) Given any five points on a sphere, show that some four of them must lie on a closed

hemisphere.

B3. (2010 B2) Given that A,B, and C are noncollinear points in the plane with integer coordinates such

that the distances AB,AC and BC are integers, what is the smallest possible value of AB?

B4. (2004 B4) Let n be a positive integer, n ≥ 2, and put θ = 2π/n. Define points Pk = (k, 0) in the

xy-plane, for k = 1, 2, · · · , n. Let Rk be the map that rotates the plane counterclockwise by the angle θ

about the point Pk. Let R denote the map obtained by applying, in order, R1, then R2, · · · , then Rn. For

an arbitrary point (x, y), find, and simplify, the coordinates of R(x, y).

B5. (2012 B2) Let P be a given (non-degenerate) polyhedron. Prove that there is a constant c(P ) > 0 with

the following property: If a collection of n balls whose volumes sum to V contains the entire surface of P ,

then n > c(P )/V 2.


